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Aerodynamic Optimization of Supersonic Transport Wing
Using Unstructured Adjoint Method

Hyoung-Jin Kim, Daisuke Sasaki,† Shigeru Obayashi,‡ and Kazuhiro Nakahashi§

Tohoku University, Sendai 980-8579, Japan

An aerodynamic design method has been developed by using a three-dimensional Euler code and an adjoint
code with a discrete approach. The method is applied to wing design problems of supersonic transports with wing-
body-nacelle and wing-body con� gurations. Hicks–Henne shape functions are adopted for the surface geometry
perturbation,and the elliptic equationmethod is employed for the interior grid modi� cation during the design pro-
cess. Interior grid sensitivities are neglected except those for design parameters associated with a body translation
such as nacelles. The sequential quadratic programming method is used to minimize the drag with constraints on
the lift and airfoil thickness. Successful design results con� rm validity and ef� ciency of the present design method.

Introduction

W ITH the advances in computational � uid dynamics (CFD)
and computing power of modern computers, aerodynamic

design optimization methods utilizing CFD codes are more impor-
tant than ever. Among several design optimization methods appli-
cable to aerodynamic design problems, the gradient-basedmethod
has been used most widely becauseof its well-developednumerical
algorithms and relatively small computationalburden. In the appli-
cation of gradient-based methods to practical aerodynamic design
problems, one of the major concerns is an accurate and ef� cient
calculation of sensitivity derivatives of an aerodynamic objective
function. The � nite difference approximation is the simplest way
to calculate the sensitivity information because it does not require
any sensitivity code. However, the accuracy of such an approach
depends critically on the perturbation size of design variables and
the � ow initialization.1

Sensitivity derivatives can be evaluated more robustly and ef� -
ciently by using a sensitivity analysis code based either on a di-
rect method2 4 or on an adjoint method.2,5 14 An adjoint method is
preferable in aerodynamic designs because it is more economical
when the number of design variables is larger than the total number
of an objectivefunctionand constraints.Reutheret al.,8 for example,
designed aircraft con� gurations using a continuousadjoint method
with the Euler equations in a structured multiblock grid system.

For complex aerodynamic con� gurations the unstructured grid
approach has several advantages over the structured grid approach.
This approach can treat complex geometry with greater ef� ciency
and less effort. It also has a greater � exibility in the adaptive grid
re� nement/unre� nement; thus, the total number of grid points can
be reduced. Newman et al.4 developed a direct sensitivity code via
a discrete approach for the two- and three-dimensionalEuler equa-
tions in the unstructured grid framework and demonstrated design
examples of multielement airfoil in a subsonic � ow and Boeing
747-200 in a transonic regime. Elliot and Peraire11 reported a dis-
crete adjointmethod for the Euler equationswith unstructuredgrids,
whichwas appliedto designa two-dimensionalmultielementairfoil,
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a three-dimensionalwing, and a wing-bodycon� guration.Recently,
Nielson and Anderson13 developed a discrete adjoint code for the
three-dimensionalNavier–Stokesequationswith a one-equationtur-
bulence model and examined numerical effects on the accuracy of
sensitivity derivatives caused by the � ux Jacobian simpli� cation
and turbulence model differentiation.Mohammadi14 developed an
unstructured adjoint code for the two-/three-dimensional Navier–
Stokes equations with a two-equation turbulence model using an
automatic differentiationtool with the reverse mode. Extensivepre-
vious works on aerodynamic design using structured/unstructured
sensitivity analysis methods can be found in a recent review paper
by Newman III et al.9

In this study direct and adjoint sensitivity codes have been devel-
oped from a three-dimensional unstructured Euler solver based on
a cell-vertex � nite volume method. With the resultant adjoint code
designed are supersonic transport (SST) wings with wing-body-
nacelle and wing-body con� gurations.Wing geometry is perturbed
in an algebraic manner at � ve design sections. Interior grids are
moved accordingly by the elliptic equation method. Grid sensitivi-
ties of interior nodes are neglected except those for design variables
associatedwith nacelle translation in order to reduce required com-
putational time for the mesh sensitivity calculation.

The restof thispaperpresentsa brief reviewon the � ow solverand
the direct and adjoint methods with a discrete approach. Sensitivity
code validation is then given, followed by design methodologies
including surface mesh deformation and interior mesh movement
techniques. Design examples utilizing the resulting design method
are then given for SST wings.

Flow Analysis
The Euler equations for compressible inviscid � ows are written

in an integral form as follows:

@

@t
X

Q dV
@ X

F(Q) n dS 0 (1)

where Q [q , q u, q m , q w , e]T is the vector of conservative vari-
ables; q the density; u, v , w the velocity components in the x , y, z
directions; and e the total energy. The vector F(Q) represents the
inviscid � ux vector, and n is the outward normal of @X , which is
the boundary of the control volume X . This system of equations is
closed by the perfect gas equation of state with a constant ratio of
speci� c heats.

The equations are solved by a � nite volume cell-vertex scheme.
The control volume is a nonoverlapping dual cell. For a control
volume Eq. (1) can be written in an algebraic form as follows:

Vi
@Qi

@t
j (i )

D Si j hn 1 Qi j , Qi j , ni j (2)

where D Si j is a segment area of the control volume boundary as-
sociated with edge connecting points i and j . This segment area
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D Si j as well as its unit normal ni j can be computed by summing up
the contribution from each tetrahedron sharing the edge. The term
h is an inviscid numerical � ux vector normal to the control volume
boundary, and Qi j are � ow variables on both sides of the control
volume boundary.The subscript of summation j (i ) means all node
points are connected to node i .

The numerical � ux h is computedusing an approximateRiemann
solver of Harten–Lax–van Leer–Einfeldt–Wada (HLLEW).15 The
second-order spatial accuracy is realized by a linear reconstruction
of the primitive gas dynamic variables q [q , u, v , w , p]T inside
the control volume using the following equation:

q(r) qi w i qi (r ri ) (0 w 1) (3)

where r is a vector pointing to point (x , y, z) and i is the node in-
dex. The gradientsassociatedwith the control volume centroids are
volume-averagedgradientscomputed by the surroundinggrid cells.
Venkatakrishnan’s limiter16 is used for the function w i in Eq. (3)
because of its superior convergenceproperties.

To integrate Eq. (2) in time, the lower-upper symmetric Gauss–

Seidel (LU-SGS) implicitmethod17 is adopted.With D Q Qn 1

Qn and a linearization of numerical � ux term as hn 1
i j hn

i j

Ai D Qi A j D Q j , Eq. (2) becomes the following equations:

Vi

D t
I

j (i )

D Si j Ai D Qi

j (i )

D Si j A j D Q j Ri (4)

where R is a residual vector,

Ri

j (i )

D Si j hn
i j (5)

The LU-SGS method on unstructured grid can be derived by
splitting node points j (i ) into two groups, j L(i ) and j U (i ),
for the second summation in the left-hand side of Eq. (4). The � nal
form of the LU-SGS method for the unstructuredgrid becomes the
following.

Forward sweep:

D Qi D 1 Ri

j L (i )

D Si j A j D Q j (6a)

Backward sweep:

D Qi D Qi D 1

j U (i )

D Si j A j D Q j (6b)

where D is a diagonal matrix derived by Jameson–Turkel approxi-
mation of Jacobian18 as A 0.5(A q AI), where q A is a spectral
radius of Jacobean A:

D
V j

D t
0.5

j (i )

D Si j q A I (7)

The lower/upper splitting of Eq. (6) for the unstructured grid
is realized by using a grid reordering technique19 to vectorize the
LU-SGS method and to improve the convergence.

Sensitivity Analysis
Direct Method

An aerodynamic sensitivity analysis begins with the fact that the
discrete residual vector, Eq. (5) of the nonlinear � ow equations, is
null for a converged � ow� eld solution of steady problems, which
can be written symbolically as

Ri[Q, X, b ] 0 (8)

where X is the grid positionvector, b the vector of design variables.
Equation (8) can be directly differentiated via the chain rule with
respect to b to yield the following equation:

dRi

dQ

@Ri

@Q

dQ

d b
Ci 0

where Ci
@Ri

@X

dX

db

@Ri

@b
(9)

This equation is the direct sensitivity equation for the � ow vari-
able sensitivity dQ / d b . The vector Ci has no relation with the
dQ / d b and, thus, is constant throuthout the solution process of

the sensitivityequation for a design variable b . dX / db in the Ci

is a vector of grid sensitivity, which can be calculated by a � nite
difference approximation or the direct differentiation of a routine
for the grid generation or modi� cation.

To � nd the solution dQ / db of Eq. (9) iteratively, a pseudotime
term is added as follows to obtain the incremental form:

Vi
@Qi

@t

@Ri

@Q

dQ

d b

n 1

Ci (10)

where Q represents the solution vector dQ /d b . The preceding
system of equations is solved with the LU-SGS scheme that is used
for the � ow solver. By comparingEqs. (2) and (10), one can obtain a
direct sensitivitycode by directly differentiatingthe right-handside
of the � ow solver.

The Jacobianmatrices [@R / @Q] and [@R / @X ] in Eq. (9) are very
large sparse matrices. Even for a two-dimenisonal grid system, if
its banded structure is not considered, the memory requirement can
be prohibitively large. To circumvent this problem, Newman et al.4

adoptedan ef� ceintmatrix-vectorproductmethod.In the presentdi-
rect sensitivity analysis, however, the terms [@R / @Q] dQ / db and
[@R / @X ] dX /d b in Eq. (9) were calculated without any “matrix-
vector product.”10 This could be done by directly differentiating
those terms in the residual vector R that are explicit functions of
the � ow variable Q with respect to b for the [@R / @Q] dQ /d b
calculation. The same procedure is applied to [@R / @X ] dX / d b ;
those terms in the residual vector R explicitly related with the grid
position vector X are differentiatedwith respect to b .

When the � ow variable sensitivity vector dQ /d b is obtained,
the total derivative of the objective function F can be calculated.
The objective function F is usually aerodynamic coef� cients such
as CD , CL , CM , or differences of surface pressures with speci� ed
target pressures. F is a function of � ow variables Q, grid position
X, and design variables ¯, i.e.,

F F[Q( b ), X ( b ), b ] (11)

The sensitivity derivative of the cost function F with respect to a
design variable b is given by

dF

d b

@F

@Q

T
dQ

d b

@F

@X

T
dX

d b

@F

@b
(12)

Adjoint Method
Because the total derivative of the � ow equations in the steady

state is null as can be seen in Eq. (9), we can introduce adjoint
variables and combine Eqs. (9) and (11) to obtain

dF

d b

@F

@Q

T
dQ

db

@F

@X

T
dX

d b

@F

@b

k T @R

@Q

dQ

d b
C (13)

If one arranges Eq. (13) for the � ow variable sensitivity vector
dQ / d b and sets coef� cients of the sensitivity vector dQ /d b

equal to zero, one can obtain the following adjoint equation:

k T @R

@Q
@F

@Q

T

0

or by transposing

@R

@Q

T

k
@F

@Q
0 (14)

If one � nds the adjoint variable vector k , which satis� es the pre-
ceding adjoint equation, one can obtain the sensitivityderivativeof
F with respect to b without any information about the � ow variable
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sensitivity vector dQ /d b . This makes the computational cost for
the sensitivity analysis remarkably reduced for a large number of
design variables. Equation (13) eventually becomes the following
form:

dF

d b

@F

@X

T
dX

d b

@F

@b
k T C (15)

As Eqs. (2) and (10), the adjoint equation(11) is also convertedto
the followingsystemof linear algebraicequationswith a pseudotime
term added and is solved with the LU-SGS scheme:

Vi

D t
I

j (i )

D Si j A
T

i D k i

j (i )

D Si j A
T

i D k j R adji (16)

where R adji is the adjoint residual de� ned as

R adji
@R

@Q i

T

k
@F

@Q i

Flux Jacobian matrix A in the second summation of Eq. (16) is
calculated at node i instead of node j and of negative sign. This
shows that the wave propagation direction of the adjoint equations
is opposite to that of the � ow equations. However, the information
on grid reorderingused in the LU-SGS routine of the � ow solver for
the convergence improvement and vectorization is still valid here
for the adjoint equations.

As mentioned earlier, the � ux Jacobian [@R / @Q]T in the right-
hand side of Eq. (16) is a very large sparse matrix. In the adjoint
method, unlike the directmethod, all of the elementsof the Jacobian
matrix should be calculated explicitly. If all of the calculated ele-
ments are stored in memory, computational time can be drastically
reduced,but the memory requirement would prohibitivelylarge for
three-dimensionalproblems. On the other hand, if the elements are
not stored but recalculated every iteration repetitively, the memory
requirement can be remarkably reduced with increased computa-
tional costs. This demands a compromise, which should be made
considering avaliable computer resources.11 In this study, among
the elements of [@R / @Q]T , stored in memory are those calculated
by the differentiationof w i qi , the reconstructionand limiter terms
[see Eq. (3)]. Other parts obtained by the differentiated HLLEW
� ux are recalculated every iterations of the adjoint analysis instead
of being stored in memory.

Figure 1 compares a two-dimensional example of � ux accumu-
lation for the � ow solver and the adjoint method. In the � ow solver
primitive � ow variablesare reconstructedat the controlvolume sur-
face using surrounding node point values. Then the � ux h through
the control volume surface is calculated and acculuated at both
nodes 1 and 2. This is repeated for all edges to obtain � ux residual
for the control volume.On the other hand, in the adjointmethod, the
adjoint � ux [@Ri / @Q]T k is accumulated at all of the node points
that have effects on the reconstructed � ow variables at the control
volume surface. For example, if we set the � ux for the edge con-
necting node 1 and node 2 as R12 ( D S12h12 ), accumulation of

Fig. 1 Simple example of � ux accumulation for the � ow solver and
adjoint method.

the adjoint residual R adj is made at nodes related with node 1 as
follows:

R adj j < R adj j

@R12

@Q j

T

k j , j 1, 2, 3, 4, 5, 6, and 7

(17)
For nodes surrounding node 2,

R adj j < R adj j

@R12

@Q j

T

k j , j 1, 2, 3, 7, 8, 9, and 10

This causessmall loops for the neighboringnodes to be insertedinto
the big loop for all edges. The length of the small loop was usually
from 5 to 25 around a node point for a three-dimensional grid set
for an inviscid computation depending on the grid structure. If the
adjoint code is run on a vector machine, it would hamper the � ux
calculation routine of the adjoint code to be vectorizedwith the big
loop of edges.

To simplify the differentiationprocess of [@R / @Q]T , the residual
vector R is differentiatedby primitivevariablesq [ q , u, v , w , p]T

rather than by the conservativevariables Q.6 Then, the � ux Jacobian
via the conservativevariable can be obtained introducing the trans-
formation matrix M @Q / @q:

@R

@Q

T
@R

@q
@q
@Q

T
@q
@Q

T
@R

@q

T

M 1T @R

@q

T

(18)

The transformationmatrices in a transposed form are given as

M T

1 u v w (u2 v2 w 2)/ 2

0 q 0 0 q u

0 0 q 0 q v

0 0 0 q q w

0 0 0 0 1/ ( c 1)

M 1T

1 u / q v / q w / q [( c 1)(u2 v2 w 2)]/2

0 1/ q 0 0 ( c 1)u

0 0 1/ q 0 ( c 1)v

0 0 0 1/ q ( c 1)w

0 0 0 0 ( c 1)

(19)

In this study the required differentiationprocess is conducted by
human hand.Handdifferentiationof a modernCFD codeis a tedious
job to do. However, if once done carefully, it provides an ef� cient
sensitivity analysis tool.10

Boundary Conditions for Discrete Sensitivity Analysis
Boundaryconditionsfor the directmethodcan be simply imposed

by differentiating the boundary conditions for the � ow equations.
This section is thus mainly devoted to the boundary conditions for
the discreteadjointmethod.The adjointequation(14) can be written
in a more detail form containing boundary conditions as follows:

@Ri

@Q i

T
@Rb

@Q i

T

@Ri

@Qb

T
@Rb

@Qb

T

k i

k b

@F

@Q i

@F

@Qb

0

0
(20)

or

@R i

@Q i

T

k i @Rb

@Q i

T

k b @F

@Q i

T

0 (21a)

@R i

@Qb

T

k i @Rb

@Qb

T

k b @F

@Qb

T

0 (21b)
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where the superscripti presentsvaluesof inner node and b valuesof
boundarynodes. For example, R i is the residual at nodes in compu-
tational domain, and Rb is the residual of the boundary conditions
at boundary nodes. Equation (21a) is solved in an incremental form
of Eq. (16). The adjoint variable vector at boundary nodes k b is
calculated from Eq. (21b) with the adjoint variable vector at the
interior nodes k i of the earlier time level and the � ux Jacobian
[@Ri / @Qb]T .

An alternativeway to impose boundaryconditionsof the discrete
adjoint equations is to treat boundary conditionsof a � ow solver as
an implicitmanner. A discreteadjointcode developedfrom the � ow
solver with implicit boundary conditions would then automatically
satisfy the boundary conditions for the adjoint equations.4,11

Sensitivity Code Validation
To validate the direct and adjoint sensitivity codes developed in

this study, sensitivity analyses are conducted for a typical SST im-
mersed in a supersonic � ow. Flow conditions are M 2.0 and
a 2.0 deg. The number of nodes and cells for the adopted vol-
ume grid are about 260,000 and 1,390,000, respectively.All of the
computations for the code validation were conducted with a single
processor of a NEC SX-4 vector computer.

We used the followingwedge-typeshape function for the purpose
of test:

b : ynew y D b x (22)

where x and y are coordinatesof longitudinaland normal direction,
respectively. The sensitivity derivatives are compared with those
computed by the forward � nite difference approximation with a
step size D b of 10 7. The residual of the � ow solver is reduced by
17 orders from the initial value for the � nite difference calculation.
Table 1 compares the sensitivity derivatives by the adjoint, direct,
and � nite difference method. They compare very well with one
another with errors less than 0.004%.

Figure2 shows a comparisonof convergencehistoriesof the Euler
solver, adjointand direct sensitivitycodes.All of them show similar
convergencepropertiesbecausethey all have the same � ux Jacobian
matrices, and also they adopt the same implicit time-marching al-
gorithm of LU-SGS scheme. The initial values of the sensitivity

Table 1 Comparison of sensitivity derivatives: errors are with respect
to the values of � nite deference

Finite Direct code Adjoint code
Derivative difference (% error) (% error)

dCL /db 1.308065 1.308050 (0.00115) 1.308056 (0.00069)
dCD /d b 0.0983594 0.0983587 (0.000712) 0.0983557(0.00376)

Fig. 2 Convergence history of � ow solver and sensitivity codes.

Table 2 Comparison of memory and CPU time

Compared items Flow solver Direct code Adjoint code

Required memory, MB 160 222 (1.39)a 360 (2.25)
Time per iteration, s 3.75 5.7 (1.52) 26.5 (7.07)

aFigures in parentheses are relative ratios to the � ow solver.

Fig. 3 Convergence trends of sensitivity derivative with respect to
residual of the adjoint code.

derivative dQ / d b are obtained by differentiating the initial con-
dition of the � ow solver, and the initial adjoint variables k are set
to zero. Table 2 compares requiredmemory and computationaltime
for the Euler solver and its sensitivity codes. The required mem-
ory for both direct and adjoint codes seems to be reasonable. The
adjoint code costs somewhat large computational time per iteration
because of the poor vectorizationperformance of the adjoint resid-
ual accumulationroutine as mentioned in the preceding section.We
also tested the ratio of computational time of the � ow solver over
the adjoint code at an Compaq a workstation, a scalar machine, and
found that the adjoint code costs only 1.5 times the CPU time of the
� ow solver per iteration.

Figure 3 shows convergence history of the CD gradient as the
adjoint code converges. Even only one-order reduction of the ad-
joint residual gives accurate gradient value within 1% error for the
present design parameter. This is a well-known property of adjoint
methods.8

Design Methodology
Design Objective

The objective of the present design study is de� ned as follows:

Minimize CD

Subject to CL CL (23)

where CD and CL are drag and lift coef� cients of an aircraft under
consideration and CL is speci� ed target lift coef� cient. If the lift
constraintis dealt as an explicitconstraintin an optimizer, it requires
an additionaladjointcode computationfor the CL derivatives.In this
study, therefore,the lift constraintis satis� ed runningthe � ow solver
in a � xed-liftmode, in which the incidenceangle a is adjustedbased
on CL a . The incidence angle is modi� ed every 20 iterations of the
LU-SGS time integrationafter the residual is reducedby two orders
of magnitude to obtain a lift coef� cient satisfying the following
conditions:

CL CL 1.003CL

Because we would like to minimize drag when CL CL , i.e., at
an adjusted incidence angle, the objective function F CD should
be modi� ed as follows to consider the lift constraint consistently:

F CD CD
@CD

@a
D a (24)
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where CD is a drag coef� cient without any incidence angle mod-
i� cation and D a is a required incidence angle variation to match
the lift with the target one. A similar relation can be written for the
lift:

CL CL
@CL

@a
D a (25)

where CL is a lift coef� cient without any incidence angle variation
and CL is the target lift coef� ceint. If we arrange the preceding
equationfor D a and input to Eq. (24), we obtaina modi� edobjective
function

F CD
(@CD / @a )

(@CL / @a )
CL CL (26)

where the second term of lift acts as a penalty term, which prevents
the design from reducing the drag by simply reducing the lift. The
expression for the modi� ed objective function was suggested in a
variational form by Reuther et al.8

Design Parameters and Grid Modi� cation Method
The wing section geometry is modi� ed adding a linear combina-

tion of Hicks and Henne shape functions20 fk as follows:

ynew yinitial

nv

k 1

b k fk

fk sin3 p xe(k ) , e(k)
1n(0.5)
in(xk )

(27)

where b k are design variables, nv the number of design variables,
and xk represents the peak location of fk . Although these Hicks–

Henne shape functions are not orthogonal, they have been widely
used for aerodynamicdesignoptimizationproblemswith successful
results.3,8

We used � ve design sections along an SST wing span and de-
� ned 20 Hicks–Henne design variables (coef� cients of the shape
functions) and one twist angle per a design section resulting in 105
design variables. Figure 4 shows 10 Hicks–Henne functions used
for upper and lower surface perturbation. For the case with an en-
gine nacelle, the height of diverter leading edge is also considered
as a design parameter in addition to the 105 design variables. If the
diverter height is varied during the design process, the nacelle is
moved vertically as a solid body.

With the new geometry of design sections,vertical coordinatesof
wing surfacenodepointsare linearly interpolated.When the surface
grid is modi� ed, the interior grid points should be moved accord-
ingly. In the structured grid approach the interior grid positions can

Fig. 4 Ten Hicks–Henne shape functions used in this study: SST wing-
body-nacelle con� guration.

be moved with a relative ease using an algebraic mesh movement
strategy, which modi� es the grid point coordinatesalong a grid line
of the same index. In the unstructured grid method, however, such
a simple grid modi� cation method cannot be applied, and a more
sophisticatedgrid movement method is needed.

For the movement of the grid points with the perturbed surface
grid, we used the elliptic partial differential equation method pro-
posed by Crumpton and Giles.21 In the method the displacement d x
from initial grid point x0 is prescribed by the following equation
with Dirichlet boundary conditions:

(k d x ) 0 (28)

Diffusion coef� cient k is constant in each cell and is given by

k 1/ max(Vol, e ) (29)

where Vol is a control volume of each grid point and e is a small
positivenumber to preventk frombecomingnegative.In theoriginal
form of the method in Ref. 21, Vol is obtained from deformed grid
system x0 d x. In this study, however, the cell volume is calculated
from initial grid x0 with an assumption that the cell volumes (or at
least their relative ratios) do not change much through one iteration
of the optimizationprocess,which is often the case for aircraft wing
section design problems.With this assumption the nonlinearelliptic
equation becomes a linear one, which is much simpler and thus
can be solved with a less computational time because the control
volumes of the grid points do not need to be calculated during the
iterationstep.Althoughthis causedno problemin the presentdesign
study, it might need to consider the original nonlinearequation for a
robust grid modi� cation if the geometry changes much throughout
the design process. The elliptic equation (28) is discretized by a
� nite volumemethod, and subsequentlinear algebraicequationsare
solved by the conjugategradientmethod.22 Required computational
time to obtain converged solution d x was the same with that of a
few iterations of the Euler solver.

Grid Sensitivity
The elliptic equation method for the interior grid movement is

differentiatedto be applied to the grid sensitivity calculation for the
vector C in Eq. (9) with respect to each geometric design variable.
Because this requires almost the same computational cost with the
grid movement procedure, the total computational burden would
be a substantial amount if the number of design variables becomes
large, say, more than 100.

One possible way to reduce the computationalburden of the grid
sensitivity calculation is to neglect the grid sensitivity of interior
nodepoints. In this studywe made a comparisonbetween thederiva-
tiveswith and without the interiorgrid sensitivitiesin order to evalu-
ate the accuracy of the simpli� cation approach ignoring the interior
grid movement. As a testbed for this comparison, we used an SST
wing-body-nacelle con� guration, which is an initial geometry for
one of the design examples of this paper. Figure 5 shows surface
shape and grids of the con� guration. A � ow-through type engine
nacelle is attached to the lower surface of the wing via a diverter.
The numberof nodesand cells for the adoptedvolumegridare about
270,000 and 1,500,000, respectively.

Figure 6 compares the derivatives of the objective function ob-
tained with and without the interior grid sensitivity information for
the con� guration. Derivatives with respect to the design variables
show little differencebetween the two valuesexcept for design vari-
ables having indices of 21–30. The design variables with indices
from 21–30 are de� ned on the lower surface of the second design
section,which is locatedon the centerlineof the diverter.Thus, they
cause the nacelle to be translated vertically because the leading-
edge height of the diverter is controlledonly by the design variable
for the height. The interior grid sensitivitiesare required for design
variablesassociatedwith translationof the nacelle,and, on the other
hand, the grid sensitivitiescan be ignored for other ordinary design
variables, i.e., coef� cients of shape function or twist angles, with
little accuracy degradation.



1016 KIM ET AL.

Fig. 5 Surface grids of National Aerospace Laboratory, Japan, experimental supersonic aircraft with nacelles.

Fig. 6 Comparison of sensitivity derivatives with and without interior grid sensitivity information for SST wing-body-nacelle con� guration.

This result agrees well with Ref. 7 in which it was shown that for
geometry with singularitysuch as sharp trailing edges interiormesh
sensitivities must be included for the calculation of the derivatives
associated with translation. In the present case the nacelle inlet and
outlet have sharp edges, which seems to cause the derivatives cal-
culated without interiormesh sensitivitiesto be deviated from those
values obtained with the mesh sensitivities.Also, Eyi and Lee3 de-
� ned grid sensitivities on the body surface only by ignoring the
movement of interior grid points in their study on direct sensitivity
analysis with two-dimensional Euler equations. Although they did
not present an explicit accuracy comparison, they reported that the
simpli� cation approachdoes not affect the accuracyof the resulting
sensitivity.

Recently, on the other hand, Anderson and Bonhaus12 compared
the accuracy of sensitivityderivativeswith and without interior grid
sensitivities with an adjoint code for Navier–Stokes equations with
a one-equation turbulence model. In the reference it was reported
that derivativeswith and without the grid sensitivitiesdiffer signi� -
cantly, and thereforethe designcould fail if the grid sensitivityterms

were not included. Reminding the fact that the present study deals
with an Euler solver with a relatively coarse grid near-wall bound-
ary compared to those for viscous computations, this disagreement
seems to be causedby the effectsof the near-wall � ne grid, viscosity,
or turbulencemodel consideredin the reference.This issue was dis-
cussed well by Nielson and Anderson.13

In this study interior grid sensitivities for the 10 design variables
(21–30) of the case with nacelle are calculated by the elliptic equa-
tion method, whereas for other design variables only the surface
grid sensitivities are de� ned. This simpli� cation approach reduced
the computational time for the vector C in Eq. (15) by about
75% comparedwith the approachconsideringall of the interiorgrid
sensitivities.

Optimization Method
For the minimization of the objective function with speci� ed

constraints, the ADS program23 was used as an optimizer. The
sequential quadratic programming (SQP) method24 is adopted in
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Fig. 7 Lower surface contours of nondimensional pressure of initial
and design con� guration: left-hand side = initial, and right-hand side =
design.

´ = 0:232

´ = 0:430

´ = 0:561

´ = 0:762

Fig. 8 Comparison of wing section shapes and pressure distributions; SST wing-body-nacelle con� guration.

which the objective is approximated by a quadratic Taylor-series
expansionto create a direction-�nding problem.This subproblemis
solved using the modi� ed methodof feasibledirections.Lagrangian
multipliers are calculated at the optimum of the subproblem.
The one-dimensional search is conducted using quadratic polyno-
mial interpolation. When the one design iteration is complete, the
approximatedHessian matrix is updated by the Broydon–Fletcher–
Goldfarb–Shanno formula. Detailed algorithms and methodologies
of the SQP method are described in Ref. 24.

Design Results
The present design method using the unstructured Euler solver

and theadjointcode is applied to two experimentalsupersonictrans-
ports. One is wing-body-nacelleand the other wing-body con� gu-
ration, both of which are under developmentby National Aerospace
Laboratory of Japan as basic studies for the next generation super-
sonic transport.25

Design I: Wing-Body-Nacelle Con� guration
Surface shape and grids of the con� guration are shown in Fig. 5

Design conditions are a freestream Mach number of 2.0 and CL of
0.100. The number of nodes and cells for the adopted volume grid
are about 270,000 and 1,500,000, respectively.

As mentioned earlier in the section on design parameters, the
total number of design variables is 106 for this design example.
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Constraints are imposed so that wing section thickness values at
front (5% chord), rear (80% chord) spar position and maximum
thickness position (50% chord) should be larger than those of the
initial geometry. In addition, the diverter leading-edgeheight is also
constrained to be larger than the initial value. This lower side con-
straint is to prevent boundary-layer� ow from being entrained into
the engine nacelle, which might occur if the height of the diverter
leading edge becomes smaller than the initial value.

The SQP optimizationwas run for � ve iterations in order to min-
imize the modi� ed objective function of Eq. (26) with the geomet-
ric constraints.However, no further performance improvement was
made after design iteration three. As can be noted in Table 3, the
drag coef� cient was reduced by 16 counts from 0.0205 to 0.0189
retaining the lift coef� cient as the speci� ed value. The thickness
constraints were also satis� ed by the optimizer.

Figure 7 shows the surface pressure contours on the wing lower
surface. The strength of the impinging shock wave on the wing
lower surface generated by the diverter leading edge is greatly re-
duced through the design procedure. The strength of the expansion
wave at the trailing edge of the diverter has also been remarkably
reduced. Figure 8 compares wing section shapes and pressure dis-
tributions at design sections. The wing section shapes are enlarged
by a factor of three in the normal direction. Section pressure distri-
butions also show that the shock strength on the lower surface has
been remarkably reduced.

The leading-edge height of the diverter remained the same as
the initial value because the gradient of the objective function with
respect to the height is positive throughout the design iterations.
This is quite natural in a sense that the diverterheight incrementwill
increase the aircraft volume and also the pressure drag accordingly.

Because the present design study is based on the Euler equations,
the estimated amount of the pressure drag reduction might be de-
viated from the realistic value, especially for this kind of case with
strongshock/boundary-layerinteraction.To considerthe viscousef-
fects in the design process, employment of a Navier–Stokes solver
and its adjoint code is necessary.

Design II: Wing-Body Con� guration
Figure 9 shows the initial wing-body geometry for the second

design example. Design conditions are the same with design exam-

Table 3 Design results for SST
wing-body-nacelle con� guration

Aerodynamic
performance Initial Design D , %

CL 0.10017 0.10020 0.03
CD 0.020513 0.018918 7.78
L/D 4.883 5.297 8.48

Fig. 9 Surface geometry of SST wing-body con� guration and grids on
symmetric plane.

Table 4 Design results for SST
wing-body con� guration

Aerodynamic
performance Initial Design D , %

CL 0.10002 0.09993 0.088
CD 0.006349 0.006242 1.675
L/D 15.75 16.01 1.614

Fig. 10 Comparisonof sensitivity derivativeswith and without interior
grid sensitivity information for SST wing-body con� guration.

ple I; freestream Mach number of 2.0 and CL of 0.100. The initial
wing geometry has been designedby an inverse design method with
the natural laminar � ow (NLF) concept, and possesses very good
aerodynamic performance at the design condition.25 The number
of nodes and cells for the adopted volume grid are about 260,000
and 1,390,000, respectively. In the present optimization the same
design variables are employed as the design example I except the
diverter leading-edge height. Therefore, totally 105 design vari-
ables are used for the wing section shape modi� cation and twist
anglesvariation.The same thicknessconstraintsare also imposedas
in example I.

Before the design process is conducted, a comparison is made
between the derivativeswith and without the interior grid sensitivi-
ties in order to evaluate the accuracy of the simpli� cation approach
ignoringthe interiorgrid movement.Figure 10 compares the deriva-
tives of the objective functionobtainedwith and without the interior
grid sensitivity information for the con� guration. Derivatives with
respect to the design variablesagree well one another.The grid sen-
sitivities are, therefore, ignored for all design variables adopted in
this case.

Table 4 summarizes the design results. The SQP optimizer was
run for 15 iterations to obtain a drag coef� cient reducedby only one
count from 0.006349 to 0.006242retaining the lift coef� cient as the
speci� ed value and satisfying imposed thickness constraints.

Figure 11 compares wing section shapes and pressure distribu-
tions at wing sections. Section pressure distributions show that the
suction peak at the leading edge has been increased by the design
with other features of pressure distributionsbeing almost the same
although the section shapes have been changed remarkably. This
implies that the initial shape is already near optimum design; thus,
further performance improvement is hard to be made from the ini-
tial one. Furthermore, the NLF conceptrequires the surfacepressure
not to increase along streamlines so that the boundary-layer insta-
bility does not grow up. The increased suction peaks of the design
wing, therefore, do not meet the NLF concept that was employed
as a design philosophy for the initial wing. To consider the design
requirement for the NLF, a Navier–Stokes-based design should be
employed.
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Fig. 11 Comparison of wing section shapes and pressure distributions; SST wing-body con� guration.

Conclusions
An aerodynamic design optimization system is developed us-

ing the unstructured Euler solver and the discrete adjoint method.
The interior grid position movement is made by the elliptic equa-
tion method. For an ef� cient calculation of terms related with the
grid sensitivities, grid sensitivities of interior node points are ig-
nored except those for the design variables associated with nacelle
translation. The present method is successfully applied to design
the SST wing-body-nacelleand wing-body con� gurations. For the
wing-body-nacelle con� guration the impinging shock wave from
the diverter on the wing lower surface has been greatly reduced,

and as a consequence, drag is remarkably reduced by � ve itera-
tions of the SQP optimizer. On the other hand, the initial shape of
the wing-bodycon� gurationwas near optimum itself, and thus only
one countdrag reductionwas made by 15 design iterations.Through
the design examples the present design optimization tool including
the adjoint method was shown to be an ef� cient and reliable design
tool for complex aerodynamic vehicles.
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